SHORT-CUT FORMULAS FOR THE EXACT
Recently, Lancaster (1949 Lancaster ( , 1950 and Irwin (1949) showed how x 2 may be partitioned exactly into single degrees of freedom when expected frequencies are estimated from the data. In particular they considered the case of an r X s (r rows, s columns) contingency table in which the expected frequencies are computed from the marginal totals. Their work suggests several different methods of carrying out the necessary computations, some of which they have illustrated. For tables of any order, their contingency table formulas may be reduced to surprisingly simple and useful forms which effect a considerable saving of computational labor. The short-cut formulas are given here without proof since the reduction involves only straightforward algebra. Since this paper is intended primarily as a simplification of the Lancaster-Irwin formulas, their notation has been changed slightly in the hope that computers will find the formulas easier to read. The method is applied to a radiation experiment with grasshopper neuroblasts.
THE hIETHODS AND FORhIULAS
Let the observed frequencies and marginal totals of an r X s contingency The frequencies in any one cell should be added, e.g., (a, + a,) and (b, + b,), but the pattern is made clearer if the tables are presented as above. Likewise, for a 3 X 4 table the six fourfold tables are Note that the elements of the last two rows and last three columns of the 3 X 4 table appear successively in the lower right hand cells of the fourfold tables. In practice these fourfold tables may not have to be written down separately, but the reader should bear in mind that each of the single degree of freedom chi-squares is associated with one of the tables.
One of the methods apparently favored by Lancaster and Irwin involves the construction and subsequent multiplication of three Helmert-type matrices. The method suggested here seems to require much less effort. The short-cut formulas which appear to be most useful are:
where In a general r X s table, the single degree of freedom corresponding to the element lc,, may be obtained from the fourfold table by means of the formula x2 I N CONTINGENCY TABLES Each of the formulas for the single degree of freedom chi-squares reduces to one like the familiar formula for a 2 X 2 table. Only the observed frequencies and marginal totals are involved so that expected frequencies never have to be computed. In this respect computation of the single degree of freedom chi-squares from an r X s table requires no more effort than the computation of chi-squares from (r-1)(s -I ) 2 X 2 tables. Lancaster (1950) gives the followiiig 3 X 3 table to illustrate the method:
Using the short-cut formulas, we find:
These values agree with Lancaster's and, of course, sum to 6.22304 which is the total chi-square with 4 d.f.
A BIOLOGICAL APPLICATION
An interesting application of this technique was found in the interpretation of some radiation experiments. Dr. Mary Esther Gaulden, of the Biology Division, Oak Ridge National Laboratory, has been comparing the effects of X rays and beta rays on mitotic rates in grasshopper neuroblasts (Chortophaga viridifasciata). I n one series of experiments, embryos from the same egg case were divided into three groups. One group served as controls and the other two groups were exposed to physically equivalent doses of X and beta radiation. After irradiation, approximately equal numbers of cells in the three groups mere examined periodically for 209 minutes, the average length of the In each group the number of cells passing through mid-mitosis (prometaphase, metaphase and anaphase) was noted. Since irradiation tends to reduce the mitotic rate, the proportion of cells which reach mid-mitosis is an index of the amount of radiation damage. Table 1 contains the results of four such experiments. The data from each experiment form a 2 X 3 contingency table from which a x2 I N CONTINGENCY TABLES total chi-square (x;) with two d.f. may be computed. If neither radiation treatment has ally effect, the x; should exceed 5.991 only about 5 per cent of the time. Since all four experiments yielded significant x;'s, we must conclude that irradiation does reduce the mitotic rate.
Dr. Gaulden, however, was also interested in a comparison of the effects of the two different types of radiation. A test for this comparison can be made easily and accurately by partitioning x; into appropriate individual d.f. The partitioning formulas given previously may be applied directly to the data as they appear in Table 1 obviously provides a more sensitive test of the overall radiation effect. The difference in sensitivity is attributable directly to the fact that x; is, so to speak, diluted down by the absence of a difference between X and beta radiation. In xi , this dilution has been removed.
We have considered only one experiment in detail. The results for the other three experiments are essentially the same and are given in Table 1 . If the experiments can be taken as identical except for sampling fluctuations, a further increase in sensitivity may be achieved by pooling the data from all four experiments and partitioning the chisquare obtained from it. This has also been done in Table 1 . If the experiments differ because of environmental conditions, source of material or any other factors, pooling is not permissible but the xT' s and xi's from the individual experiments may be added and the resulting values compared with significance levels of chi-square for 4 d.f. In general, these tests will not be as sensitive as tests based on the pooled data. For example from Table 1 , the xi from the pooled data is 52.460 and has one d.f., whereas the sum of the individual x;'s is 57.225 and has four d.f. The former is significant at a much lower level of probability than is the latter. In a sense this may be interpreted as the price one must pay for failure to maintain uniform conditions.
The author is indebted to Dr. Gaulden for permission to use her data and to George J. Atta for checking the computations.
